We introduce a major theoretical generalization of existing techniques for handling the threebody problem that accurately describes the interactions among four fermionic atoms. Application to a two-component Fermi gas accurately determines dimer-dimer scattering parameters at finite energies and can give deeper insight into the corresponding many-body phenomena. To account for finite temperature effects, we calculate the energy-dependent complex dimer-dimer scattering length, which includes contributions from elastic and inelastic collisions. Our results indicate that strong finite-energy effects and dimer dissociation are crucial for understanding the physics in the strongly interacting regime for typical experimental conditions. While our results for dimer-dimer relaxation are consistent with experiment, they confirm only partially a previously published theoretical result. PACS numbers: 31.15.xj,34.50Cx, The physics of strongly interacting fermionic systems is of fundamental importance in many areas of physics encompassing condensed matter physics, nuclear physics, particle physics and astrophysics. The last few years have seen extensive theoretical and experimental efforts devoted to the field of ultracold atomic Fermi gases. The ability to control interatomic interactions through magnetically tunable Feshbach resonances has opened up broad vistas of experimentally accessible phenomena, providing a quantum playground for studying the strongly interacting regime. For instance, near a Feshbach resonance between two dissimilar fermions, the s-wave scattering length a can assume positive and negative values, allowing for the systematic exploration of Bose-Einstein condensation (BEC) and the Bardeen-Cooper-Schrieffer (BCS) crossover regime, in which bosonic (a > 0) and fermionic (a < 0) types of superfluidity connect smoothly [1, 2]. In this broad context, few-body correlations [3, 4] play an important role in describing the dynamics of such systems. On the BEC side of the resonance (a > 0), dissimilar fermions pair-up into weakly-bound bosonic dimers, and the zero (collision) energy dimer-dimer scattering length, a dd (0), determines various experimental observables such as the molecular gas collective modes, the internal energy, and even the macroscopic spatial extent of the confined cloud [1, 2]. Although a better description of the many-body behavior has emerged through the inclusion of few-body correlations, most of the current understanding of crossover physics relies on zero-energy theories, and very little is known about finite energy effects in this regime (see Ref.
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In this Letter we demonstrate important finite energy effects which can potentially impact the physics of a finite temperature ultracold Fermi gas in the crossover regime. Our results show deviations from zero-energy dimerdimer collisions and indicate that, at experimentally relevant temperatures and scattering lengths, molecular dissociation might play an important role. The crossover regime can be viewed as a long-lived atom-molecule mixture, where dimers are dynamically converted to atoms and vice-versa. In order to account for finite temperature effects, we calculate the energy dependent complex dimer-dimer scattering length, a dd (E col ), where E col is the collision energy. The real and imaginary parts of a dd correspond, respectively, to contributions from elastic and inelastic (dissociative) collisions [6] , both of which should be considered to properly model the Fermi gas at realistic temperatures. In the zero-energy limit we reproduce the well known prediction a dd (0) ≈ 0.6a [4] . However, when the dimer binding energy,
2 ) (where µ 2b is the two-body reduced mass) is comparable to the gas temperature T , finite energy effects and molecular dissociation become important, defining a critical scattering length a c = /(2µ 2b k B T )
, where k B is Boltzmann's constant, beyond which an atom-molecule mixture should prevail.
We also study dimer-dimer relaxation, in which two weakly-bound dimers collide and make an inelastic transition to a lower energy state. In such a process, the kinetic energy released is enough for the collision partners to escape from typical traps. Ref. [4] predicted that, near a Feshbach resonance, dimer-dimer relaxation is suppressed as a −2.55 , explaining the long lifetimes observed in several experiments [2, 7] . Here we also verify this suppression, although with an a dependence that is not described as a simple power-law scaling as originally predicted [4] . While the a −2.55 scaling law has already been tested (Regal et al. [7] found a ), our calculations demonstrate that finite range corrections can explain the apparent experimental scaling law behavior, despite deviations from that power-law for larger a.
We solve the four-body Schrödinger equation in the hyperspherical adiabatic representation, which offers a simple yet quantitative picture. A finite range model is assumed for the interatomic interaction, and a physicallymotivated variational basis set is adopted to solve the hyperangular equations [8] . While several hyperangular parameterizations exist, we find that the best choice is the "democratic" hyperspherical coordinates [9] in which all possible fragmentation channels are treated on an equal footing, which describes elastic and inelastic processes in an unified picture.
In the adiabatic hyperspherical representation, the collective motion of the four fermions is described in terms of the hyperradius R, characterizing the overall size of the system. The interparticle relative motion is described by the hyperangles Ω ≡ {θ 1 , θ 2 , φ 1 , φ 2 , φ 3 }, and the set of Euler angles {α, β, γ} specifying the orientation of the body-fixed frame [9] . θ 1 and θ 2 parameterize the moments of inertia while φ 1 , φ 2 and φ 3 parameterize internal configurations [9] . Integrating out the hyperangular degrees of freedom, the Schrödinger equation reduces to a system of coupled ordinary differential equations, given in atomic units (used throughout this Letter) by:
where µ = m/4 1 3 is the four-body reduced mass (m being the atomic mass), E is the total energy, F ν is the hyperradial wavefunction, and ν represents all quantum numbers needed to label each channel. Scattering observables can then be extracted by solving Eq. (1), where the nonadiabatic couplings W ν =ν drive inelastic transitions between channels described by the effective potentials W νν .
FIG. 1: (color online)
. Analysis of the probability density integrated over the hyperangles θ1 and θ2 at R = 0.41 a is shown. (a) An isosurface of the probability density at |Φ(R; Ω)| 2 = 0.1|Φ(R; Ω)| 2 max for the dimer-dimer channel is shown. The darker (lighter) colors correspond to a more (less) linear configuration for the four-particle system. Θ(x) is the unit-step function. (b)-(e) show density plots for fixed values of φ3. The darker regions represent higher probabilities for which planar configurations are shown to illustrate the most probable four-body geometry at selected points.
In the hyperspherical representation, the major reduction to Eq. (1) is accomplished by finding eigenfunctions of the (fixed R) adiabatic Hamiltonian,
In the above equation,Λ is the grand angular momentum operator [9] andV includes all two-body interactions [10] . For simplicity, we neglect the interaction between identical fermions and assume the one between dissimilar fermions to be v(r) = Dsech 2 (r/r 0 ), where r is the interatomic distance and D is tuned to produce the desired a. We choose the atomic mass m and effective range r 0 = 181 a.u.
[11] to be those of 40 K. The eigenvalues and eigenfunctions ofĤ ad , namely the hyperspherical potentials U ν (R) and channel functions Φ ν (R; Ω), determine the effective potentials and nonadiabatic couplings in Eq. (1):
, where P νν = Φ ν |d/dR|Φ ν and Q νν = Φ ν |d 2 /dR 2 |Φ ν . We find Φ ν (R; Ω) variationally by expanding in exact eigenfunctions of Eq. (2) at large and small R [8] . At ultracold energies the convergence of the scattering observables with respect to the number of basis functions is surprisingly fast [8] . However, including higher order correlations that describe dimer-atom-atom and four free atom configurations is crucial for accurately describing scattering processes at any collision energy. We find that for R a the strongest contribution to the probability density of the dimer-dimer channel function comes from dimer-atomatom like configurations. Figure 1 shows a graphical representation of this channel function in terms of the internal configuration angles φ 1 , φ 2 and φ 3 . The four "cobra"-like surfaces explicitly illustrate the four-fold symmetry (S 2 ⊗ S 2 ) of the fermionic problem. The "spines" of the cobras correspond to the interaction valleys where two dissimilar fermions are in close proximity while the "hoods" loosely represent the larger phase-space explored by dimer-atom-atom like configurations.
Figure 2(a) shows the hyperspherical potentials for a = 125r 0 showing the full energy landscape with the fourbody thresholds for dimer-dimer (F F + F F ), dimeratom-atom (F F +F +F ), and four atom (F +F +F +F ) collisions. Notice that the four-body potential associated with dimer-dimer collisions is repulsive for R < a, in- [7] (filled circles) and the a −2.55 scaling law [4] while deviating from that for larger a. Inset: we show Tp as a function of R for a = 100r0, 80r0, 65r0, and 50r0 (red, green, blue, and magenta respectively).
dicating that zero-energy dimer-dimer elastic scattering must be qualitatively similar to scattering by a hardsphere of radius a, i.e., a dd (0) ∝ a. Although a clear and qualitative picture emerges from the four-body potentials alone, we in practice extract scattering observables from coupled-channel solutions to Eq. (1). We define the energy dependent dimer-dimer scattering length, a dd (E col ), in terms of the complex phase-shift obtained from the corresponding S-matrix element [S dd,dd = exp(2iδ dd )],
Here, k 2 dd = 2mE col , E col = E + 2E b is the collision energy and a r dd and a i dd < 0 are the real and imaginary parts of a dd , representing elastic and inelastic contributions [6] . Figure 2 (b) shows a r dd and a i dd for a = 125r 0 . For energies E col E b we find that a dd (0) = 0.605(5)a in agreement with Refs. [4, 12] while for E col E b , although molecular dissociation is still not allowed, i.e. a i dd = 0, we obtain strong corrections to the zero-energy result. At these energies, an effective range expansion, a
dd where r dd = 0.13a [12] , is accurate over a small range, but quickly fails to reproduce our results [see black solid line in Fig. 2(b) Fig. 3(a) ]. As a → ∞, E b ∝ 1/a 2 becomes extremely small and such finite energy effects [see Fig. 2(b) ] are relevant even at ultracold energies. Therefore, the molecular binding energy E b , or equivalently a c = 1/ √ 2µ 2b T , defines the range beyond which (i.e., a > ac ) deviations from the zero-energy predictions can be observed. Perhaps more importantly, it specifies a regime beyond which molecular dissociation can lead to a long-lived atom-molecule mixture [13, 14] , where dimers are continuously converted to atoms and vice-versa, i.e. F F + F F ↔ F F + F + F . Further, this indicates that the underlying physics of the strongly interacting regime may fundamentally depend on temperature. Values for a c at 100 nK are 7000 a.u. for 40 K and 17000 a.u. for 6 Li, and therefore the finite energy effects above can become experimentally relevant [2] .
We also study vibrational relaxation due to dimerdimer collisions. We verify the suppression of the relaxation rate as a → ∞, however, with a different a dependence than a −2.55 predicted in Ref. [4] . In Ref. [4] it was assumed that the main decay pathway for relaxations is a purely three-body process and requires only three atoms to be enclosed at short distances. Therefore, it neglects the effects of the interaction with the fourth atom.
Here, however, we analyze such effects and find that it strongly influences the suppression of relaxation. In our calculations we express the inelastic transitions probability T p (a, R) in terms of the probability of having three atoms at short distances as a function of the distance ≈ R of the fourth atom from the collision center [15] . We calculate T p from our fully coupled-channel solutions and effective potentials [see Figs. 1 and 2(a)] and our results are shown in the inset of Fig. 3(b) .
In our model the relaxation rate is simply proportional to the transition probability T p (a, R). It is interesting note that our formulation allows for the analysis of different decay pathways. For instance, at short distances, R ≈ r 0 , T p describes inelastic transitions in which all four atoms are involved in the collision process. At large distances, R/a >> 1, T p describes the decay pathway where only three atoms participate in the collision, akin to the process studied in Ref. [4] . We note, however, that for values of R up to R ≈ 5 the scaling law for relaxation depends strongly on R/a and greatly deviate from the a −2.55 scaling. In order to take into account inelastic processes for all values of R we define an effective transition probability by integrating T p (a, R) over R [15] . Our results for the relaxation rate, V dd rel , are shown in Fig. 3(b) where the red solid line is obtained by integrating T p from R = 2r 0 up to 10a [16] giving an apparent scaling law of a . The dashed lines are obtained from integrating T p from R = 2r 0 to 5r 0 and from R = 5r 0 to 10a, which yields scaling laws of a , respectively, "separating" the contributions from the decay pathways in which four and three atoms participate in the collision process. The amplitudes for each of these contributions, however, are disconnected as they depend on the details of the four-and three-body short-range physics. In contrast, the amplitudes for the a processes are governed by the same three-body physics. As a result, the fact that we don't observe the a −2.55 scaling implies that it is not important for the range of a used here. The amplitude for the process which leads to the a −2.55 scaling is exponentially suppressed owing to the unfavorable overlap of the dimers' wavefunction [see inset of Fig. 3(b) ]. In fact, for our largest values of a, it is already apparent that in the very large a limit the rate deviates from a −3.20 , however, to a behavior different than a −2.55 [15] . Figure 3 (b) rescales our results for V dd rel by an overall constant chosen to fit the experimental data for 40 K at a temperature of 70 nK (Regal et al. [7] ). We note, however, that between a = 1000 and 3000 a.u.
[17], our results agree with both the experimental data and the a −2.55 scaling law, approaching our predicted scaling law a −3.20 only for larger values of a. This change in behavior of V dd rel originates in the finite range of our model, which represents physics beyond the zero-range model of Ref. [4] where the a −2.55 scaling applies for all a. In summary, we have calculated the energy dependent complex dimer-dimer scattering length, a dd (E col ), by solving the four-body Schrödinger equation in the adiabatic hyperspherical representation. Our results demonstrate that for experimentally relevant temperatures and scattering lengths the elastic and inelastic contributions of a dd are equally important. We show that molecular dissociation plays an important role and suggest that the many-body behavior in the strongly interacting regime might be significantly altered at finite temperature. Our results also demonstrate a stronger suppression for dimerdimer relaxation, compared to that obtained in Ref. [4] , while remaining consistent with experimental data.
The authors would like to acknowledge D. S. Jin's group for providing their experimental data, J. von Stecher and D. S. Petrov for fruitful discussions, and the W. M. Keck Foundation for providing computational resources. This work was supported by the National Science Foundation. study treats only the dominant partial wave J π = 0 + , where J is the total orbital angular momentum and π is the parity quantum number.
[11] V. V. Flambaum, G. F. Gribakin, and C. Harabati, Phys. Rev. A 59, 1998 (1999 . The value for r0 is obtained from the expression r0 = 2 1/2 3 −1 Γ( In this supplemental material we provide additional details of our model for dimer-dimer relaxation in terms of the transition probability obtained from our numerical calculations [1] .
The key observation in our model is that the inelastic transitions leading to deeply bound molecular final states can only occur when at least three atoms are enclosed at distances comparable to r 0 . In the hyperspherical representation, the decay pathway in which only three atoms participate is viewed as an infinite series of avoid crossing between the initial dimer-dimer channel and all possible final states, as illustrated in Fig. 1(a) , where the red solid curve describe the initial collision channel and the green dashed curves some of the possible final states.
Therefore, for a given a, the inelastic transition to a particular final state can be described in terms of the Fermi Golden rule
where Ψ λ is the final state wave function, labeled by the quantum number λ, Ψ dd is our fully coupled dimer-dimer wavefunction, and V is the sum of the interatomic interactions. The hyperangular behavior of the integrand is assumed to be proportional to the probability amplitude of three particles being in close proximity. On the other hand, the hyperradial behavior of the outgoing channel will oscillate very quickly away from the classical turning point, as shown schematically in Fig. 1(b) . The fast oscillation will, in general, cancel out in regions away from the classical turning point, R λ . This indicates that the integral over the hyperradius will be proportional to the area within the first oscillation of Ψ λ (R) times the remaining hyperradial behavior evaluated at R λ . Based on these considerations, the squared result yields
where F dd is the dimer-dimer hyperradial wave function and F (R λ ) is the probability of having three out of four atoms at distances comparable to r 0 at hyperradius R λ . Therefore, the inelastic transitions to a particular final state λ occurs in the vicinity of R λ and it is governed by the probability of having the three atoms within distances comparable to r 0 . In practice, we have calculate F(R λ ) by defining the proximity operator (3) which is non-zero only when three atoms are sufficiently close to each other. P is then simply defined as
where Φ dd is our fully coupled dimer-dimer channel function and the integration is taken over all the hyperangles.
Our model for dimer-dimer relaxation, therefore, is simply obtained by summing Eq. (2) classical turning points, which yields
where
is the nearly constant density of states and |F dd (R λ ) | 2 was approximated by the WKB wavefunction in the classically forbidden region,
Here, P W KB is the WKB tunneling probability for the dimer-dimer hyperradial wavefunction and κ W KB (R λ ) is the WKB wavenumber.
FIG. 2: (color online)
. The vibrational relaxation rate for different decay pathways is shown. The red-solid curve is the total rate given by Eq. (5), the green-dashed curve is the contribution from short-range inelastic transitions where all four-atoms participate in the collision. The blue-dashed curve is the contribution from inelastic transitions near R = a involving only three-atoms illustrating the effects due to the presence of the forth atom (see main text).
In our model for relaxation, breaking up the integration over T p (a) [Eq. (5) ] allows us to analyze the contributions from different pathways. In Fig. 2 we show the total rate as a solid-red curve, obtained by integrating Eq. (5) from 2r 0 to 10a [2] . In addition to that, we also plot the results for V dd rel obtained by integrating Eq. (5) from 2r 0 to 5r 0 , see green-dashed curve in Fig. 2 . This result determines the contribution from inelastic transitions which occur predominantly when all four atoms are within distances comparable to r 0 . The blue-dashed curve in Fig. 2 , however, shows our results obtained by integrating from a to 4a, determining the behavior of the contributions from inelastic transitions that occurs near R = a. The main difference between this contribution and the total rate comes from the inelastic transitions for R < a. Although numerically we are unable to go to larger values of a, it is clear that the contributions for transitions near R = a becomes increasingly more important and in the very large a limit we expect these contributions to dominate the total rate. Interestingly, for the values of a we studied, the contribution for transitions near R = a already falls off slower than the a −2.55 prediction of Ref. [3] . Therefore, we conclude that the mechanism that leads to the a −2.55 suppression, although, qualitatively correct, doesn't quantitatively describe the transitions near R = a due to the presence of the fourth atom.
